Abstract. We establish a new characterization for a conformal mapping of the unit disk D to be convex, and identify the mappings onto a half-plane or a parallel strip as extremals. We also show that, with these exceptions, the level sets of λ of the Poincaré metric λ|dw| of a convex domain are strictly convex.
Re 1 + z f f (z) ≥ 0 was shown to imply the stronger inequality
Let Sf be the Schwarzian derivative of f . Our first result is that, in fact, Theorem 1. The function f is a convex mapping of D if and only if
If equality holds at a single point in (3) then it holds everywhere and f is a mapping either onto a half-plane or a parallel strip.
Note that (3) reduces to (2) when f is a Möbius transformation. A second result is an application of (3) to a property of the Poincaré metric for convex regions. Recall that the Poincaré metric on f (D) is defined by λ(w)|dw| = |dz|/(1 − |z| 2 ), w = f (z). We will show that, except for a half-plane or a parallel strip, the level sets of λ have strictly positive curvature, or equivalently that the sets in D defined by (1 − |z| 2 )|f (z)| = constant have this property relative to the conformal metric |f ||dz|. The presence of the Schwarzian term in (3) is crucial for establishing this. This refines the results in [1] and [5] , where it is shown that on convex regions the function 1/λ is concave, or equivalently that log λ is convex. It follows from these earlier results that the sets λ ≤ c are convex, but it does not rule out flat parts of the curve λ = c or isolated points where the curvature vanishes.
Proof of Theorem 1. The sufficiency follows at once as (3) is stronger than (1). Suppose next that f is convex. Via (1) we know that
for some holomorphic h : D → D with h(0) = 0. We appeal to Schwarz's lemma. The function ϕ(z) = h(z)/z is holomorphic, maps D into D, and
One possibility is |ϕ| ≡ 1. In this case f is a half-plane mapping, Sf = 0, and (3), really (2), holds with equality for all z.
If |ϕ| ≡ 1 then
This implies
after a short calculation, where we have written
In turn, on expanding |p(z)| 2 , (5) can be rearranged to yield (3) (and vice versa). The two inequalities are equivalent, but the important point for our work is that in (3) the factor 1 − |z| 2 occurs to the first power, not to the second. Suppose now that equality holds in (3) at one point, and suppose also that |ϕ| < 1 (the case |ϕ| ≡ 1 having been analyzed). Equality in (3) at a point implies equality in (5) at a point, and then also equality in (4) at a point. Thus ϕ is a Möbius transformation of D to itself and equality holds everywhere in (3), (4) and (5) . Furthermore, it follows from Lemma 1 in [3] that f maps D onto a parallel strip.
The proof shows that (5) is also a necessary and sufficient condition for a mapping to be convex. This was originally established in [5] and also proved, essentially as above, in [3] . Actually, the loop of implications is (1) =⇒ (4) (or |ϕ| ≡ 1) =⇒ (5) =⇒ (3) =⇒ (1), and also (1) ⇐⇒ (2), so all are equivalent to f being a convex mapping.
We now turn to the convexity property of the Poincaré metric. The level set λ(w) = 1/c corresponds under f to the curve in D where
This will be a smooth curve provided ∇((1 − |z| 2 )|f (z)|) = 0 there, and this is equivalent to the condition p = 0. Thought of as a vector, the complex number p is normal to the curve.
For the proof of Theorem 2 we need a formula for curvature that in itself is not particular to convexity. Lemma 1. Let f be locally injective in D, and let γ ⊂ D be the level set
for a constant c. Suppose that p = 0 on γ. Then
where k is the euclidean curvature of γ.
Proof. Because p = 0 on γ, we may choose a Euclidean arclength parametrization z = z(s), oriented so that the normal direction p points to the right of z (s). Let q = p andq = q/|q|. With the given orientation of γ we have that 
